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Abstract 

We prove that for any Hecke eigenform / of level 1 and arbitrary 
weight there is a self-dual cuspidal automorphic form ir of GLg(Q) 
corresponding to Symm 5 (/), i.e., such that the system of Galois rep- 
resentations attached to ir agrees with the 5-th symmetric power of 
the one attached to /. 

Assuming a slight strengthening of the Automorphic Lifting Theorems 
that we use in the proof of this result, we note that the same conclu- 
sion applies also to any newform without CM of level prime to 30. 
We also improve the base change result that we obtained in a previ- 
ous work: for any newform /, and any totally real number field F (no 
extra assumptions on / or F), we prove the existence of base change 
relative to the extension F/Q. 

Finally, we combine the previous results to deduce that base change 
also holds for Symm 5 (/): for any Hecke eigenform / of level 1 and any 
totally real number field F, the automorphic form corresponding to 
Symm 5 (/) can be base changed to F (again, this can be conditionally 
extended to non-CM newforms of level prime to 30). 

1 Introduction 

After completion of our previous work on base change for GL(2) (cf. [Dil2a]), 
while explaining the result in a conference at Durham we stressed that "by 
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modifying a bit the proof it should follow that every pair of newforms can be 
connected to each other by a safe chain" . Moreover, we predicted that such 
a result should have important consequences, since it should allow to propa- 
gate nice modularity properties (such as base change) from a single newform 
to the rest of them. 

In this paper, we give a detailed proof of the existence of such safe chains 
and we give the first applications of this to Langlands functoriality. 
The definition of safe chain is context-dependent, in all cases it refers to a 
series of congruences between two different newforms (it is actually better to 
work with the equivalent notion of congruences between the attached Galois 
representations), in (a priori) arbitrary characteristics, having as initial and 
final elements the two given newforms. Actually, the congruences are up to 
twist by finite order characters, and in this paper (reusing an idea already 
appearing in [Di09]) we also allow replacing a newform by a Galois conjugate 
of it as a valid move. 

The important thing about safe chains is that (at each congruence in the 
chain) they should preserve automorphy of some derived objects: soit the 
restrictions to the Galois group of some number field of the given pair of 
modular Galois representations, soit some symmetric power Symm n of them. 
By "preserving automorphy" we mean that some available Automorphy Lift- 
ing Theorem (A.L.T.) should apply, so as to ensure that IF one of the rep- 
resentations (2-dimensional or n + 1-dimensional, depending on the case) is 
automorphic, so is the other. Sometimes (as in [Dil2a]) this is needed to 
work only in one of the two directions (and this can be thought as some sort 
of inductive process propagating modularity from objects of small "invari- 
ants" to those of higher "invariants"), but in this paper we will need this to 
work in both directions (in order to apply a transitivity argument). 
Therefore, the conditions imposed at each link (i.e., congruence) in the chain 
that makes it safe depend on the A.L.T. available: typically we should im- 
pose some local condition (specially at the residual characteristic p) at both 
sides of the congruence, and we should ensure that the residual image is suf- 
ficiently large. 

We allow "congruences up to twist" because the effect of twisting a 2- 
dimensional Galois representation on its ra-th symmetric power is again a 
twist, and twists are known to preserve automorphy, and they are harmless 
because all the technical conditions required in the A.L.T. that we will apply 
(local conditions, size of residual image) are known to be preserved by twist- 
ing by a finite order character. We also allow Galois conjugation because the 
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n-th symmetric powers of two conjugated Galois representations are them- 
selves conjugated to each other and Galois conjugation obviously preserves 
automorphy. 

The main result in this paper concerns the application of this machinery to 
deduce automorphy of Symm 5 (/) for all level 1 cuspforms /. The result fol- 
lows from the construction of a suitable safe chain, it suffices to prove two 
things: 

1) base case: there exists a level 1 cuspform / such that Symm 5 (/ ) is au- 
tomorphic. 

2) safe chain: every pair of level 1 cuspforms / and /' can be linked by a chain 
such that the corresponding chain of 6-dimensional representations linking 
Symm 5 (/) with Symm 5 (/') is a safe chain in both directions, in such a way 
that via suitable A.L.T. we can conclude that Symm 5 (/) is automorphic if 
and only if Symm 5 (/') is automorphic. 

Observe that for the 6-dimensional Galois representations to be residually 
irreducible (this is part of the requirements for the application of all A.L.T.) 
one should avoid working in characteristics 2, 3 or 5 at all steps. 

For part (1), we will consider a cuspform f having, in some large character- 
istic p, residual image projectively isomorphic to A 5 , and we will show how to 
deduce from this residual automorphy of Symm 5 (/ ), and then automorphy 
via a suitable A.L.T. 

For part (2), we need to construct a series of congruences linking each given 
pair of level 1 cuspforms, making sure that at all steps the residual charac- 
teristic is greater than 5 and residual images are "large" or even "6-extra 
large" (even after restriction to Q(Cp)) : see the precise definition of these no- 
tions at the end of this introduction. Thanks to the results in [GHTT] and 
in Guralnick's Appendix A (see [G]) to this paper, this is enough to ensure 
that the 5-th symmetric powers of these representations (restricted to Q(Cp)) 
have residually adequate image, a condition needed to apply the two main 
A.L.T. in [BLGGT], theorems 4.2.1 and 2.3.1. In fact, we are relying on a 
slight strengthening of theorem 4.2.1 of loc. cit. which is proved in Appendix 
B (written jointly with T. Gee, see [DG]). Thanks to this improvement the 
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assumption^ t > 2(n + 1) (which is part of condition (4) of this theorem, 
cf. [BLGGT]) can be replaced by the standard condition of adequacy of the 
(restriction of) the residual image, as in condition (5) of theorem 2.3.1 in loc. 
cit. 

We also need to make sure that at each step the 5-th symmetric power of 
both p-adic Galois representations being considered satisfy (locally at p) the 
local condition needed to apply some A.L.T. in both directions. We will see 
that in our process they are either both "potentially diagonalizable" or both 
ordinary, allowing us to apply theorems 4.2.1 (its variant in Appendix B) 
and 2.3.1 in loc. cit., respectively. 

The reader should also notice that these A.L.T. are stated in loc. cit. and 
in Appendix B for representations of imaginary CM fields, but a standard 
argument using quadratic base change allows an extension to the case of 
totally real fields, where representations are now essentially self-dual and au- 
tomorphy is stated in terms of RAESDC automorphic representations, see 
for example [CHT]. 

The fact that our chains are reversible, i.e., that they can be used to propa- 
gate automorphy in both directions, is crucial for us, since the way that we 
proceed to link any pair of level 1 cuspforms is through an inductive process, 
combined with transitivity. More precisely, we are able to link any pair of 
level 1 cuspforms / and /' by linking both of them to two newforms in the 
same orbit, i.e., to two conjugated newform g and g a '. Since Galois conju- 
gation is a valid move (because it preserves automorphy), this implies that 
the two given newforms are linked to the same g, thus by transitivity they 
are linked to each other: just concatenate the two chains! Thus, if automor- 
phy is known for Symm 5 (/'), it is propagated to Symm (/) passing through 
Symm 5 (g) somewhere in the chain. It is clear then that A.L.T. should work 
in both directions, since we need them to propagate automorphy (starting at 
/') "down" until we reach g, and then "up" until we reach /. 
Let us stress that the orbit of g is unique and independent of the given forms 
/ and /': it is a universal step appearing in all safe chains. The inductive 
argument linking any level 1 cuspform / with g will be described in detail in 
the paper, and it consists of a series of safe congruences that finally lead to 
a space of newforms of small level and weight, and fixed (up to conjugation) 
nebentypus, where computations show that there is a unique orbit of new- 

1 just for this line, we use the notation of [BLGGT]: the residual characteristic is i, and 
the dimension of the Galois representations is n 
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forms. 

The construction of this safe chain borrows some key ideas from [Dil2a] and 
[Di09], but they have to be modified and generalized in order to be applied 
in this new context. 

Using this safe chain, together with the techniques of "ramification swap- 
ping" (as in [Dil2b], also used in [Dil2a]) and "killing ramification" (as in 
[Dil2b]), we will also be able to obtain an improved proof of base change for 
GL(2). This time the safe chain will connect any cuspform to a CM form, and 
now "safe" will refer to the fact that Modularity Lifting Theorems (M.L.T.) 
for the restrictions of the 2-dimensional Galois representations to the Galois 
group of a totally real number field do apply in both directions at each step 
of the chain. 

We are relying again, for the ramification swapping process, on the two main 
A.L.T. in [BLGGT] and the improvement in Appendix B, this time for 2- 
dimensional Galois representations, and the important feature of these the- 
orems that the required local conditions are preserved under arbitrary base 
change allows us to work over arbitrary totally real fields F, not needing to 
impose any local condition. For the "killing ramification" process, we will 
need to apply the M.L.T. of Kisin in [K], which requires the residual charac- 
teristic p to be split in F, but since this step will take place at a point where 
the prime p to be killed is a suitable auxiliary prime, we just have to check 
that such primes can be chosen to be split in F (a similar process took place 
in [Dil2a]). 

In order to cover the case of newforms of even level we will also apply a 2-adic 
M.L.T. of Kisin in [K-2] together with some ideas taken from [KW]. 

We also prove a base change result for the automorphic forms corresponding 
to Symm 5 (/), which follows easily by combining previous results. 

We conclude this introduction by warning the reader that the proof of the 
main result (the construction of the safe chain) is full of twists and turns, 
and at several places the path is so full of obstacles that it seems there is no 
way to continue, and it is only by some completely new trick, or by an unex- 
pected generalization/combination of results in some of our previous works 
that one manages to keep going. It is a road full of miracles, including a fasci- 
nating generalization of Maeda's conjecture that motivates the choice of the 
"small single orbit space" of newforms at the bottom of the road. The tricks 
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of "good-dihedral primes", "micro good-dihedral primes", "Sophie Germain 
primes", "weight reduction via Galois conjugation", are basic to build the 
safe chain. 

Both appendices are also of key importance: without them we would have 
been forced to work only on characteristics p > 13, and just from the com- 
putational point of view (to say nothing of the theoretical complications) it 
would have been impossible to complete the "low part" of the chain. 

Let us now record the two main theorems proved in this paper: in sections 
2,3, and 4, and in section 6 for the extension to other fields, we prove: 

Theorem 1.1 Let f be a level 1 cuspform. Then if we call p an t-adic 
Galois representation attached to f , the 6- dimensional Galois representation 
Symm 5 (p) is automorphic, namely, there is a cuspidal self-dual automorphic 
representation it o/GL 6 (Q) (a RAESDC in the notation of [CHT]) such that 
the t-adic Galois representation attached to n is isomorphic to Symm 5 (p). 
Moreover, if we restrict this ^-dimensional Galois representation to any to- 
tally real number field F , it is still automorphic, meaning that it is isomorphic 
to the t-adic Galois representation attached to a cuspidal self-dual automor- 
phic representation o/GL 6 (F). 

Furthermore, a conditional extension of this result to non-CM newforms of 
level prime to 30 is discussed in section 7. 

In section 5 we prove base change for classical cuspidal modular forms in full 
generality: 

Theorem 1.2 Let f be a newform of arbitrary level and weight. Let F be 
any totally real number field. Then, f can be lifted to F, i.e., there is a 
Hilbert newform f over F whose attached t-adic Galois representations are 
isomorphic to the restriction to Gp of those attached to f. 

Acknowledgments: My greatest thanks are due to R. Guralnick for his im- 
mediate response to my S.O.S. asking for better results on adequate groups, 
and for writing these results in Appendix A, and to R. Taylor for kindly 
helping me through discussions to check some parts of this proof, and for 
kindly having me as guest at the I.A.S. for a period of three weeks during 
which some of the most important advances in this proof where made. 
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We finish this section with some definitions and notations. 

Notation: In this paper, F will always denote a totally real number field. 
For every number field K, we will denote by Gk the absolute Galois group 
of K. 

We will write ( p for a primitive p-th root of unity. We will denote by x the 
p-adic or mod p cyclotomic character. The value of p, and whether it is the 
p-adic or the mod p character, will always be clear from the context. 
We will denote by a; a Teichmuller lift of the mod p cyclotomic character. 
Given a Galois representation a, we will denote by P(cr) its projectivization. 

Definitions: Let K be a number field. Let p v be a two-dimensional, odd, 
representation of Gk with values on a finite extension of F p . 

1. We say that the image of p p is large if p > 7 and the image contains 
SL(2,F p ), or p = 3 or 5 and the image contains SL(2,F p r) for some 
r > 2. If this is the case, it is easy to see that the image of P(p p ) is iso- 
morphic to one of the following two groups: PSL(2, F p r) or PGL(2, F p r), 
for some r (and r > 2 if p = 3, 5). This implies in particular that large 
images are non-solvable, and also that they are adequate subgroups of 
GL(2,F p ), see theorem 1.5 and remark 1.6 (3) in Appendix A and the 
main result of [GHTT]. 

2. We say that the image of p p is 6-extra large if p — 11 or 13 and the 
image contains SL(2,F p r) for some r > 2. 

For p = 7 or p > 17 we say that the image of p p is 6-extra large if it is 
large. 

This technical condition is needed to ensure that the 5-th symmetric 
power of p p has adequate image (see theorem 1.5 and remarks 1.6 (1) 
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and 1.6 (3) in Appendix A and the main result of [GHTT]). 

Remark: Observe that since large and 6-extra large images correspond 
to almost simple projective images, these conditions are preserved if we 
restrict the representation to a cyclic extension of K, such as K(( p ). 

3. We say that the image of p p is dihedral when the image of P(p p ) is a 
dihedral group of order at least 4. 

4. We say that the image of p p is bad-dihedral when it is dihedral, p > 
2, and the restriction of p p to the absolute Galois group of K(^/±p) 
becomes reducible, where the sign is (— 1)(p -1 )/ 2 . 

2 Construction of the safe chain: a general 
description 

This is the code description of what is needed to make the safe chain. Recall 
that this is just "half of the chain, the full chain is obtained just by con- 
catenation of two of these safe chains, which makes sense because both end 
up in the same orbit, and are reversible. 

At each step we describe the nature of the movements to be performed, and 
the output. References are to indicate where some of these tricks first ap- 
peared. 

We start with a cuspform / of level 1 and weight k > 12: 

1) Introduce Good-Dihedral prime [KW]: level raises to q 2 . 

2) Weight reduction via Galois conjugation [Di09]: weight reduces to 2 < 
k < 14 (k even). 

3) Ad hoc tricks to make the small weight congruent to 2 mod 3 (Sophie 
Germain primes, Hida families...): end up with k = 2 (mod 3) and k < 43. 

4) Introduce MGD prime 43 using the pivot primes 7 and 11 [Dil2a]: end 
up with newform of weight 2 and level 43 2 • q 2 . 

5) Remove the Good-Dihedral prime (in two moves): end up with a newform 
of weight q + 1 and level 43 2 . 

6) Again weight reduction via Galois conjugation but this time "highly im- 
proved", because we need to ensure large residual image at each step using 
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just the MGD prime. Weight reduces to 2 < k < 14 (k even). 

7) Ad hoc tricks to make weight smaller than 17 and divisible by 4 (Sophie 
Germain primes, Khare's weight reduction, non-dihedrality due to class field 
theory of real quadratic field...): end up with a newform of weight 16 and 
level 43 2 . 

8) Introduce nebentypus at 17 of order 8: end up with a newform of weight 
2, level 43 2 • 17, with nebentypus. 

9) Remove the MGD prime modulo 11 via an ad hoc Lemma to ensure resid- 
ual irreducibility: get congruence (maybe using level-raising) with a newform 
Steinberg at 43, of weight 2 and level 43 • 17, with nebentypus of order 8 at 
17. 

10) Move from weight 2 to weight 44 by reducing modulo 43: irreducibility 
checked by hand. 

11) Generalized Maeda in weight 44, level 17, nebentypus of order 8: check 
that this space has a unique orbit. 

Several steps use tricks appearing in the referred paper, and they will be easy 
to follow for those who have read these papers. Steps (3) and (7) are painful 
and technical: the weight has been made small, BUT we require some tech- 
nical condition on it to be able to perform the next step (i.e., steps (4) and 
(8)): step (3) is done because at step (4) we want k = 2 (mod 3) because 
the prime 43 is not truly Sophie Germain, there is a 3 dividing 43 — 1, thus 
when we take a modular weight 2 lift in characteristic 43 IF WE KNOW 
that k = 2 (mod 3), the nebentypus, which is u k ~ 2 , will be a character of 
order 7, and this allows us to work with 43 "as if it were a Sophie Germain 
prime", and using this character of order 7, and later the factor 11 | 43 + 1, 
we manage to introduce 43 as a MGD prime (compare with the introduction 
of 7 as a MGD prime in [Dil2a]). Step (7) is done because before moving 
to characteristic 17 in step (8) with a weight k smaller than 17 to take a 
modular weight 2 lift, since we want the character u k ~ 2 to be of order 8, we 
NEED to ENSURE that k is divisible by 4. 

Both in steps (3) and (7), in order to "reduce" to weights satisfying the re- 
quired conditions, we make a few technical moves that allow "magically" to 
control the weight and force it to satisfy them. 

Step (6) is perhaps the best technical innovation in the paper: we need to per- 
form the weight reduction to inductively go from an arbitrarily large weight 
k to k < 14, we do this using the method of [Di09] as in step (2), but this 
time the level contains just the MGD prime 43, and still we need to ensure 
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that in the whole process of weight reduction all residual images are going 
to be large! We succeed thanks to an extra degree of freedom, previously 
unexploited, in Galois conjugations: there is not a unique conjugation that 
reduces the weight, there are at least two completely different choices (this 
we prove), and we can show that for at least one of them the residual repre- 
sentation will have large image. 

Step (9), if it were performed by direct computation, will not be surprising. 
But since the level at this step is 17 • 43 2 and the nebentypus of order 8, 
computations seem out of reach. We prove irreducibility modulo 11 (recall 
that ramification at 43 being of order 11, at this step one is losing the MGD 
prime from the level) by using in a non-trivial way information on the rami- 
fication at 17 and on the trace at 43 of the residual representation, assumed 
reducible, to derive a contradiction. 

The final step (11) is a direct computation to check that certain space has a 
unique orbit, but this does not come out of the blue: we "knew" that there 
should be a unique orbit there by a precise generalization to arbitrary level 
of Maeda's conjecture. 



3 The eleven steps of the safe chain 

Before describing each step of the chain, let us make some general remarks. 
First of all, let us stress that in all steps we are always working in residual 
characteristic p > 7. This is necessary because we want the 5-th symmetric 
power to be residually irreducible. 

At each step, we will introduce several congruences between modular Galois 
representations. Since we want to apply the two main A.L.T. in [BLGGT], 
Theorems 4.2.1 (its variant in Appendix B) and 2.3.1, in both directions, to 
the 5-th symmetric powers of these representations, at each of the congru- 
ences introduced we need to ensure that both 6-dimensional representations 
are "potentially diagonalizable" (PO-DI) or that they are both ordinary. 
Observe that both of these local properties are preserved by taking sym- 
metric powers, so we just have to check them at the level of the modular 
2-dimensional Galois representations (for the PO-DI property, just observe 
that if two points in a local deformation ring Rv, P are in the same irreducible 
component, when we switch to a larger deformation ring Rv\ P , i-e., with 
the latter ring projecting into the former one, the corresponding points in 
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the larger ring are also in the same irreducible component: this property is 
already mentioned in [BLGGT] to show that this notion is preserved when 
restricting the Galois representations). This will also be useful when we ad- 
dress, in latter sections, the problem of base change, since for that case we 
are going to rely on the same A.L.T. most of the time, but this time applied 
to 2-dimensional Galois representations. 

Most of the congruences that we will perform involve taking weight 2 mod- 
ular lifts, for a residual representation in some odd characteristic p having 
Serre's weight 2 < k < p + 1, and the congruence will be between a po- 
tentially Barsotti-Tate representation and a crystalline representation in the 
Fontaine-Laffaille range (i.e., of weight k <p). Since in both cases (by the re- 
sults of Kisin in [K-BT] in the first proved in [GK], and by [BLGGT] 
and [GL] in the other) such representations are known to be PO-DI, the local 
conditions needed to apply Theorem 4.2.1 in [BLGGT] and its strengthening 
in Appendix B are satisfied. 

The second (and last) case that we will encounter in our chain is when one 
of the representations is semistable at p of weight 2, and the other one is 
crystalline at p of weight p+1. In this case, both representations are known 
to be ordinary (in fact, they live in the same Hida family), thus again we 
can apply an A.L.T. in [BLGGT], this time Theorem 2.3.1, the one for or- 
dinary representations. At one step (step 3) there is a small variant of this: 
we consider a congruence between a weight 2 semistable representation and 
a crystalline representation whose weight is actually larger than p+1: we 
take a suitable specialization of the Hida family at a larger weight k = 2 
(mod p — 1). Again, this is know to be an ordinary representation, so this 
A.L.T. applies. 

The reader can check (this is automatic) that in the 11 steps that follow we 
will always be in one of the two cases above, thus from now on we are not 
going to insist anymore on this point: the local conditions required to apply 
the A.L.T. to the 5-th symmetric powers of our representations are satisfied. 
Also, when in latter sections we discuss base change, since these local proper- 
ties are preserved by base change, both for the 2-dimensional representations 
and for their symmetric powers, the local conditions to apply the A.L.T. over 
any totally real number field F are satisfied. 

The other obstacle to apply the A.L.T. in [BLGGT] (recall once again that 
concerning theorem 4.2.1 in loc. cit., we are relying on the improvement that 
we prove on Appendix B, cf. [DG]) is the condition that residual images 
should always be adequate. We will check that in our chain residual images 
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will always be 6-extra large (this is not so at the "base case", but in this 
case the image is known to be adequate, too), a condition that is preserved 
after restriction to the Galois group of Q(( p ), and this implies that the im- 
ages of these restrictions are adequate, thanks in particular to the results in 
Appendix A. 

The required condition on the residual images will be obtained, at most steps, 
by using some ramification information. This will be particularly easy when 
a Good-Dihedral prime is in the level, and at the very bottom of the chain, 
when no significant ramification is preserved, will be checked partly by hand. 
In any case, let us stress that in what follows we are just required to indicate 
two things at each step: 

i) how the chain is built, and 

ii) how it is checked that the residual images are 6-extra large 

Observe that since 6-extra large implies large, when we re-use this chain for 
base chain, we at least know that it is built with large residual images (and 
we will just have to check that this largeness is preserved by base change). 



3.1 Step 1 

We start with / of level 1 and weight k > 12. At this step we introduce 
a Good-Dihedral prime. This is done just as in [Dil2a] (and also in [KW] 
where the idea first appeared), so we will be very brief. We first choose a 
prime r > 13 larger than k where the residual image is large, thus 6-extra 
large, and reducing modulo r we switch to a weight 2 situation. Here we are 
introducing a nebentypus at r, to be removed later. Then, we take primes 
t and q larger than r as in Lemma 3.3 of loc. cit., and as in the discussion 
thereafter: by working modulo t, where the image is GL(2,F t ), thus 6-extra 
large, we produce a congruence with a newform f 2 of weight 2 with q 2 in 
the level, such that ramification at q is given by a character of order t, and t 
divides q + 1. The prime q is a supercuspidal prime for / 2 . Before choosing 
t and q, a large bound B is fixed, greater than k, 2 • r, and than any other 
auxiliary prime that one will use (such as p = 11, 43) and t and q are chosen 
to be larger than B. We take B > 68 because we are going to need this in 
Step 3. 

These two primes are also asked to satisfy: 

t = 1 (mod 4), q = 1 (mod 8), and also, for every prime p < B, we require 
that q = 1 (mod p). 
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In the following steps, up to step 4 (included), we are going to work all the 
time in characteristic p < B, and this implies that the local ramification at 
q will be preserved through these steps. This, together with the above con- 
ditions on q implies, and this is the main point about Good-Dihedral primes 
(cf. [KW], [Diel2]), that the residual images will be large. Moreover, since 
we are taking t > B > 2 • r > 13 and the residual projective images contain 
an element of order t (given by the image of the inertia group at q) it is 
obvious that if we are in characteristic 11 or 13 (and trivially in any other 
characteristic 7 < p < B) the residual image will also be 6-extra large. 
We conclude the first step by moving back to characteristic r. We take a 
mod r Galois representation attached to f 2 and we lift it to a modular rep- 
resentation attached to a newform / 3 without r in the level. As explained 
in the introduction, we freely twist when necessary, so we are assuming that 
the Serre's weight of this residual representation is at most r — 1 (and greater 
than 2 because the nebentypus of f 2 at r was not trivial), and / 3 is taken to 
be of this weight. Therefore, we end up with / 3 of level q 2 , Good-Dihedral 
at q, and weight 2 < k < B/2. 

3.2 Step 2 

At this step we perform the Weight Reduction via Galois Conjugation (WRGC), 
exactly as in [Di09] (except that when the weight is 10, we are not reducing 
it because we don't need to), so as to reduce to the case k < 14. 
As explained in the previous step, since we are going to work in character- 
istics p < B and we have a large Good-Dihedral prime in the level, residual 
images are all going to be 6-extra large. 

Observe that since k < B/2, we are allowed to work with primes larger than 
k as long as they satisfy p < 2 • k < B, and this is the case in the process of 
WRGC. 

We also note for the reader convenience that, together with Galois Conjuga- 
tions (an allowed move, see the introduction), this weight reduction involves 
congruences between potentially Barsotti-Tate and Fontaine-Laffaille type 
Galois representations, exclusively. 

Since the process is described in [Di09] , we are going to be very brief: 
Suppose k > 14 (if 2 < k < 14 we can go directly to step 3). It is perhaps 
worth recalling that through all this process weights are going to be even, 
and always larger than 2. 
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Let p be the smallest prime larger than k, except in the case k = 32 where 
we take p = 43. 

Consider the mod p Galois representation attached to fa, and take a modu- 
lar weight 2 lift of it, corresponding to a newform / 4 having nebentypus at p 
given by u k ~ 2 , a character of order m — (p — where d — (p — 1, k — 2). 
Let us call a = (k — 2)/d. 

The level at p of / 4 is p and it is principal series at p, with ramification of 
the attached £-adic Galois representations at p (and type of the p-adic Galois 
representation) being given by u k ~ 2 © 1. 

Let us assume (this will be proved later) that m > 6, and let us consider t to 
be the smallest integer greater than m/2 and relatively prime to m. Observe 
that the difference t — m/2 is at most 2, and that t < m — 1. 
The Galois conjugation is meant to change the nebentypus: we take an ele- 
ment 7 in the Galois group of m-th root of unity corresponding to raising to 
the a -1 • t, where the inverse of a is taken modulo p — 1. This changes the 
nebentypus (and the local type at p) from u k ~ 2 = (cu d ) a to (oo d ) t . 
Now we consider the mod p Galois representation attached to the conjugated 
newform fj. Its Serre's weight can be shown to be (after suitable twisting) 
either k\ = dt + 2, or fc 2 = p + 1 — dt, two values whose sum is p + 3. 
The idea is that because of a strong version of Bertrand's postulate p will 
be "near" k, and this will imply that k\ and k 2 are smaller than k: in fact, 
it is easy to see that k 2 < k±, so it is enough to check this for k±, and since 
k\ is approximately d ■ t, and this is approximately (d ■ m)/2, and this is 
approximately p/2, it is clear than having p near k the new weight will be 
smaller than the given k. 

More precisely: for k > 38, it is known that if we consider the primes nearest 
k: p n < k < p n +i, it holds: 

p n+ l/p n < 1.144 (*) 

And also its obvious consequence: 

(p n+1 - l)/(p n - 1) < 1.15 

From this, calling again p = p n+ i the first prime after k, we have: 

(p-l)/(fc-2) < 6/5 

And this implies that the order m of the nebentypus u k ~ 2 is greater than 6 
(this we had assumed before, now we are proving it for k > 36). 
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Having this, we define t as above and Galois conjugate using it as above and 
easily deduce that for the any of the two possible Serre's weights k! = k\ or 
k,2 of the Galois conjugated residual representation it holds: p/k' > 1.144. 
In fact, since k 2 < k\ it is enough to check this for k! = ki, and then it reads: 
p/k' =p/(dt + 2) = (md+l)/(dt + 2). That this is larger than 1.144 can be 
easily checked once the precise value of t is introduced: there are three cases, 
depending on whether m is or 2 modulo 4, or odd, but in any case the 
above quotients give increasing functions (increasing with m) that already 
satisfy the inequality for the smallest values of m (8, 10 and 7, respectively) 
and for every d, thus we conclude that the inequality holds in general. 
Because of (*), this implies: k! < p n , thus in particular k' < k. Thus the 
induction works. 

If 14 < k < 36, it can be checked by hand that the above process also works, 
exactly as described, and always gives a smaller Serre's weight k! (and it is 
easy to see that it always gives even values, and that they are always greater 
than 2). 

The only subtle point is that for k = 32 one should take p = 43. 

Let us include here, for the reader's convenience, four examples, including 

the one of weight 32: 



• k — 


16,p = 


17: 


d = 


2,m = 


8,t = 


5,dt = 


10; thus: k! 


= 12 or 8. 


• k = 


18, p = 


19: 


d = 


2, m = 


9,t = 


5,dt = 


10; thus: k' 


= 12 or 10. 


• k = 


30, p = 


31: 


d = 


2,m = 


15,* = 


= 8,dt = 


= 16; thus k' 


= 18 or 16 


• k = 


32, p = 


43: 


d = 


6, m = 


7,t = 


A,dt = 


24; thus k' = 


= 26 or 20. 



This concludes the weight reduction, we end up this step with a newform / 5 
of level q 2 , Good-Dihedral at q, of weight 2 < k < 14. 



3.3 Step 3 

As it will be clear in Step 4, before introducing the Micro-Good-Dihedral 
(MGD) prime 43 in the level, we need to reduce to a situation in which the 
weight not only is small (smaller than 43 will be enough) but also is congru- 
ent to 2 modulo 3. Here we combine some ad hoc tricks that allow us to do 
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so. 

The ideas in this step are the following: (in logical order, which, as usual, 
does not coincide with the final ordering on paper): 

If you happen to have some weight k satisfying k =2 (mod 3) and you be- 
lieve that there is a prime p > k "near" k such that p = 1 (mod 3), then 
you can check (it works in the few applications that we are going to do now, 
because it always works!) that if you do weight reduction using p, as in Step 

2, the new (smaller) values of the Serre's weight, k\ and k 2 , will both be 
again congruent to 2 modulo 3 (it makes sense because they sum up p + 3 
and this is congruent to 1 (mod 3)). 

Thus, the strategy is the following: we use the Sophie Germain trick, taken 
from [Dil2b], this allows you to, given a pair pi,p 2 = 2pi + 1 of Sophie Ger- 
main primes, reduce all cases of even weights 2 < k < p2 to the unique case 
of weight P2 + 1. Unfortunately, because we are forced to take pi ^ 3 (we are 
not allowed to work on characteristics < 5), this is not satisfactory because 
p 2 + 1 will never be congruent to 2 modulo 3, but moving to a weight higher 
than p 2 + 1 (using Hida families) we will remedy this problem. After this 
step, we will end up with a unique weight, it will be congruent to 2 modulo 

3, and we will complete the step by reducing it, as indicated above, in such 
a way that the mod 3 property on the weight is preserved. 

We are going to work all the time in characteristics p < 67 (and, as usual, 
p > 5) and with weights k < 68, thus since 68 < B < t < q the Good- 
Dihedral prime in the level will ensure that residual images are 6-extra large 
at each step. 

The Sophie Germain pair that we consider is given by p\ = 11, p 2 = 23. 
As in [Dil2b], since the weight of / 5 satisfies 2 < k < 14, we move to char- 
acteristic 23, reduce mod 23, and take a modular weight 2 lift, having a 
nebentypus u k ~ 2 of order 11. Then we move to characteristic 11, reduce 
mod 11, and take another modular weight 2 lift, where we have changed the 
type at 23. Since ramification at 23 was given by a character of order 11, 
we know that the residual representation will either be unramified at 23 or 
will have semistable (i.e., unipotent) ramification at 23. Moreover, in the 
first case it can be checked (a similar situation can be found in [Dil2a]) that 
Steinberg level-raising at 23 can be performed. Thus we conclude that in any 
case we can take a modular weight 2 lift of this mod 11 representation that 
it Steinberg at 23. 

In the usual Sophie Germain trick, at this step, reducing modulo 23 one man- 
ages to create a congruence with another newform of weight 24. But since 
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such a weight is not useful for our purposes, we take another specialization of 
the Hida family containing this semistable weight 2 representation: we take 
k = 68. Since 68 = 2 (mod 22) we know that there is an ordinary Galois 
representation attached to a newform of this weight and level q 2 which is 
congruent modulo 23 with the given weight 2 representation. 
At this point, we have reduced the case of weight up to 14 (greater than 2) to 
the case of weight 68. Since 68 = 2 (mod 3), let us try our weight reduction. 
We must work only with primes that are congruent to 1 modulo 3. Our first 
try is p = 73, using it we manage to reduce the weight but we get stuck 
in the next step (with k! = 44: no primes congruent to 1 mod 3 show up 
"nearby"!), so let us try with p = 79 instead. 

We reduce modulo 79, and we take a modular weight 2 lift, with nebentypus 
u m = (w 6 ) 11 , of order m = 13. 

Galois conjugation is done as in Step 2, using t — (m + l)/2 = 7, i.e., expo- 
nentiating to the ll" 1 • 7 in the cyclotomic field of 13-th roots of unity, but 
this leads us to a value of ki = dt + 2 = 6 • 7 + 2 = 44 where, again, we get 
stuck. 

Luckily, this is not the only possible Galois conjugation (this extra degree 
of freedom will be exploited more systematically at Step 6), so let us try 
with other value of t, always prime to 13 of course. Taking t — 8 the values 
we obtain are k\ = 50 and k 2 = 32. Observe that both values are again 
congruent to 2 modulo 3 (as we explained, it is easy to see a priori that this 
will hold, due to our careful choice of the prime p). 

Since the first of these two values is too big (our goal includes the condition 
k < 43), assuming we end up with k = 50 we iterate the process. We take 
p — 61, reduce mod 61, and this time the nebentypus of the modular weight 
2 lift is u 4S = (u 12 ) 4 , whose order is 5. 

Remark: in Step 2 we always had m > 6, but m = 5 is also fine for the Ga- 
lois conjugation trick because it also satisfies (f>(m) > 2 (compare with [Di09], 
where in the case of k — 10 weight reduction was done with nebentypus of 
order 5. On the other hand, it is easy to see that if m = 6 or m < 5 since 
4>(m) < 2 the method can not work). 

Taking t = 3 for the Galois conjugation, we easily compute k\ = 12-3+2 = 38 
and &2 = 26. 

The conclusion is that we have linked the given newform f 5 of small weight, 
to another newform with the same level q 2 , Good-Dihedral at q, whose weight 
is equal to 26, 32 or 38. 

The three values are congruent to 2 modulo 3, and are smaller than 43. 
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3.4 Step 4 



Thanks to the tricks in the previous step, we can incorporate 43 as a MGD 
prime, exactly as we did in [Dil2a] to incorporate the MGD prime 7. Recall 
(cf. [Dil2a]) that given a prime p that is the large one in a Sophie Germain 
pair, if we call Po = {p — l)/2, assumed prime, and we take another prime 
Pi dividing p + 1, starting with an even weight 2 < k < p, we had devised 
a procedure to introduce p as a MGD prime in the level, in other words, to 
link the given modular representation with another one, this time having p 
as a supercuspidal prime in the level, with ramification given by a character 
of order pi, and having weight 2. 

This is explained in detail in [Dil2a], it exploits different known cases of 
congruences between principal series, Steinberg, and supercuspidal modular 
forms. First via a modular weight 2 lift in characteristic p we introduce 
nebentypus at p of order po (as we did in the previous step with the pair 11 
and 23), then in characteristic po we transform this into Steinberg ramifica- 
tion at p (again, as in the previous step), and finally, moving to characteristic 
Pi we can create a non-minimal lift that transform the type at p into super- 
cuspidal with ramification of order p\. As with Good-Dihedral primes, recall 
that this is useful because for a compatible system containing such a local 
parameter, the residual representations in characteristics I ^ p, p\ are going 
to be irreducible (because they are so locally at p). 

This is almost exactly what we do to introduce the MGD prime p = 43, 
using the auxiliary primes po = 7 and p\ — 11, to end up with supercuspidal 
ramification of order 11 at 43. The only difference is that 43 is not Sophie 
Germain, i.e., (43 — l)/2 — 21 is not a prime. But this is precisely why we 
have made Step 3. The Sophie Germain trick, devised in the first place to 
introduce Steinberg ramification at p, is based on the fact that, after making 
a modular weight 2 lift in characteristic p the nebentypus u k ~ 2 has order p Q , 
a prime if we are in a true Sophie Germain situation (observe that we have, 
as will always be the case in this paper, even weights all through the weight 
reduction process). Since we have forced the weight k to be congruent to 2 
modulo 3 (this is what Step 3 is about), we can work "as if 43 was Sophie 
Germain" , the only important think is that the nebentypus u k ~ 2 must have 
prime order, and this is satisfied because since A: — 2 is divisible by 6, this 
nebentypus has order exactly 7 (and, luckily, 7 is a prime!), thus all the pro- 
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cess of introducing the MGD prime can be done exactly as in [Dil2a] thanks 
to the extra information on the weight. 

We stress that all auxiliary primes must be taken to be greater than 5: this is 
the reason why we have not been able to find a reasonable small true Sophie 
Germain prime good for our purposes. 

As in previous sections, the Good-Dihedral prime q with g>t>£>>68>43 
is enough to guarantee that all residual images in the above process are 6- 
extra large. 

After these manipulations, we end up with a newform f 6 having weight 2 
and level 43 2 • q 2 , Good-Dihedral at q, and having 43 as a MGD prime. 

3.5 Step 5 

At this step we are going to remove the Good-Dihedral prime q from the 
level. In order to do so, we are first going to move to characteristic t, and 
then to characteristic q. Precisely because we are leaving the safety zone 
of characteristics up to B we must be careful because in both cases, and in 
all the steps of the chain that follows, we need to check that the residual 
images are 6-extra large: we don't have any longer the Good-Dihedral prime 
to ensure this. 

Moreover, when reducing modulo t we are losing the supercuspidal ramifi- 
cation at q, so we need other arguments even to justify that this residual 
representation, and those in the next steps of the chain, are irreducible. 
On the other hand, we have also introduced the MGD prime 43 in the level, 
and as we already mentioned, as long as we avoid working in characteristics 
43 and 11, the local information at 43 is enough to guarantee that residual 
images are (absolutely) irreducible. As the reader can easily check, in this 
step, and also in Steps 6,7 and 8, we are going to avoid these two charac- 
teristics, so residual irreducibility is guaranteed by the MGD prime in these 
four steps. 

Also, ramification at 43 has order 11, and it gives an element of order 11 
also in the image of the projective representation, thus the exceptional cases 
in Dickson's classification of maximal subgroups of PSL(2, F), where F is 
a finite field of characteristic p, is ruled out for the images of the residual 
representations appearing in the chain, as long as the MGD prime stays in 
the level (again, this will be the case in Steps 5,6,7 and 8). 
Therefore, in this step and the next three steps, because of Dickson's clas- 
sification and thanks to the MGD prime, in order to ensure that a residual 
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image is large all that we will have to check is that it is not dihedral. 
Moreover, since we are NOT going to work in characteristic 11 during these 
four steps, and using again the fact that we have an element of order 11 in 
the projective image, we know that if the residual image is large, it will also 
be 6-extra large (this is a non-empty statement only for p = 13). 
This being said, let us proceed to remove the Good-Dihedral prime from the 
level, checking that residual images are not dihedral. 

We start with the newform fg, we move to characteristic t and we reduce 
modulo t. Suppose that the residual representation is dihedral, and let K 
be the quadratic number field such that the restriction to Gk becomes re- 
ducible. The only ramified primes for the residual representation are t, q and 
43 (at most). Having reduced modulo t, the ramification at q will be either 
trivial or semistable (unipotent). In either case, clearly K can not ramify at 
q (moreover, from the assumption of dihedral image we can conclude that the 
residual representation is unramified at q). On the other hand, the order of 
ramification at 43 is odd, thus clearly K can not ramify at 43. We conclude 
that K is the quadratic number field ramified only at t, in other words, that 
the residual representation is bad-dihedral. 

But since the newform / 6 has weight 2 and t is not in its level, the Serre's 
weight of the residual representation is k — 2, and then the residual represen- 
tation can not be bad-dihedral because t > 3 (cf. [Ri97]). The result of Ribet 
that we are applying here, a result that is part of the proof of "generically 
large images for modular non-CM Galois representations" (cf. [Ri85]), and 
is explained in detail in [Ri97] for the case of weight 2, but holds in general 
with the same proof, is going to be required several times in the following 
sections, so let us record it here: 

Lemma 3.1 Let p be an irreducible representation in characteristic p , for a 
prime p > 2, that is attached to some newform f . Suppose that the Serre's 
weight k of p satisfies 2 < k < p+1. Suppose that p is bad-dihedral, or, more 
generally, that it is dihedral and induced from a quadratic number field that 
ramifies at p. 

Then it must hold: p = 2k — 1 or p = 2k — 3. Moreover, in the first case the 
representations is reducible locally at p, while in the second case it is, locally 
at p, induced from a ramified character of the unramified quadratic extension 
Q p2 ofQ p . 
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This result of Ribet, that has been used many times in the literature (for 
example in [DM], or in [Kh]), can be easily proved by observing that in the 
case under consideration the projective image of the inertia group at p must 
have order 2. The result follows easily form this and the definition of Serre's 
weight. The assumption on the size of k is not serious, because it is known 
that by suitable twisting it is always satisfied, and we always do apply this 
twisting to reduce to this situation, in all steps of the proof. 

We have shown that the mod t reduction of fe has 6-extra large image. On 
the other hand, we know that it is either unramified or semistable locally 
at q. Moreover, in the first case, due to the existence of the lift given by / 6 
which is supercuspidal at q it is easy to see that the well-known necessary 
condition for Steinberg level-raising is satisfied. Thus, in both cases, doing 
level-raising if necessary, we consider a lift of this mod t representation cor- 
responding to a newform f 7 of weight 2, level 43 2 ■ q, Steinberg at q. 

Now we move to characteristic q, and we reduce modulo q. Using once again 
the MGD prime 43 in the level, we know that the residual image will be 
6-extra large provided that it is not dihedral. Again, if it where dihedral, 
it can no be induced from a quadratic field K ramified at 43 because the 
order of ramification at this prime is odd, thus it should be bad-dihedral. 
But since q is a Steinberg prime in the level, the Serre's weight k of this mod 
q representation is either q + 1 or 2, and this in any case by applying Lemma 
13. II we know contradicts the fact that the representation is bad-dihedral. We 
thus conclude that the residual representation can not be dihedral, and thus 
that it has 6-extra large image. 

To conclude this step, we consider a lift of weight q + 1 of this residual rep- 
resentation, given by the specialization to weight q + 1 of the Hida family 
containing the g-adic representation attached to f?. This lift corresponds to 
a newform /§ of level 43 2 and weight q+1, thus locally at q it is ordinary. 



3.6 Step 6 

At this step we need again to perform the WRGC as in Step 2, in order to 

reduce the (very large) weight k = q + 1 of / 8 to a weight k < 14. 

In all this process, we are going to avoid characteristics 43 and 11, so that 
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to ensure that the MGD prime 43 is preserved. But we need to ensure that 
images are 6-extra large in the whole process. In Step 2 this was ensured by 
the Good-Dihedral prime in the usual way (cf. [KW], [Dil2b], [Dil2a]), but 
now we only have the MGD prime in the level. 

As explained in the previous section, thanks to the MGD prime, all that we 
need to check is that residual images are not dihedral. Moreover, in all the 
process of WRGC, we will work with mod p Galois representations ramified 
only at p and at 43, and since the order of ramification at 43 is odd, the only 
possible dihedral case is the bad-dihedral case. 

Thus, we have to perform WRGC, perhaps with some modifications with 
respect to the classical version given in Step 2, in such a way that we can 
guarantee that at each congruence the residual image is not bad-dihedral. 
The process of weight reduction will follow a similar pattern as in Step 2: we 
have a newform / of weight k and level 43 2 , such that 43 is a MGD prime, 
and assuming that k > 16, we take p to be the first prime larger than k, 
except for k = 42 where, since 43 is forbidden, we are going to specify later 
what prime to take, and also for k = 32 where in Step 2 we choose p = 43 
and here, again, we are going to have to choose another prime. 
We reduce modulo p, and since it is easy to check (by hand for small values 
of k, and because of the strong version of Bertrand used in Step 2 for k > 36) 
that we always have p ^ 2k — 1, 2k — 3 we apply Lemma 13.11 and conclude 
that this mod p representation is not bad-dihedral. 

The problem is after doing the Galois conjugation: we can try formally to 
proceed exactly as in Step 2. With the same notation and same reasonings, 
we can take a modular weight 2 lift of the mod p Galois representation, we 
know that the order m of the nebentypus u k ~ 2 is greater than 6, and we can 
take t as before, the first number greater than m/2 relatively prime to m, 
and use it to Galois conjugate. The problem is that after doing so, the new 
Serre's weight of the mod p reduction will be (after suitable twisting) equal 
to k\ = dt + 2 or to k% = p + 1 — dt (both smaller than the given k, as shown 
is Step 2), and in some cases it WILL BE THE CASE that some of these 
two values, call it k', will satisfy p = 2k' — 1 or p = 2k! — 3, thus we can not 
apply Ribet's Lemma to rule out the bad-dihedral case. 
We are going to solve this problem using the combination of two completely 
different tricks: first, we will prove another Lemma that will allow us to 
eliminate the case p = 2k! — 3, we will prove that, with our ramification 
conditions, such a bad-dihedral case can not happen. Then, once we are 
reduced to control the bad-dihedral case with p = 2k! — 1, since this case can 
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sometimes happen, we will isolate those cases where this equality is satisfied, 
and for such cases we will prove that there is another Galois conjugation, 
given by t' > t the first prime to m integer after t, such that by using this 
exponent to conjugate the new weights ki and k 2 are again smaller than the 
given k, and the equality p = 2k' — 1 can not be satisfied by any of these 
two values (recall that we are assuming that it was satisfied by some of the 
corresponding values for t). In other words: it is not possible that using 
both conjugations, the one corresponding to t and the one corresponding to 
t', both give bad-dihedral cases. Thus, this extra conjugation will allows us 
to ensure that there is always a way to conjugate inn order to reduce the 
weight, avoiding the bad-dihedral case. 

The main difficulty is to show that t' is still sufficiently small with respect 
to m, so as to imply that after this conjugation the new Serre's weights are 
smaller than the given one. 

So, the first thing to do is to prove the result that allows us to get rid of the 
p = 2k' — 3 case. The following result is proved in [Kh] for the level 1 case, 
but we are going to apply it in a more general situation, where it can be seen 
that it still holds applying the exact same reasoning: 

Lemma 3.2 Let p be an irreducible representation in characteristic p, for a 
prime p > 2, that is attached to some newform f . Suppose that the Serre's 
weight k of p satisfies 2 < k < p+1. Suppose that for every prime w different 
from p where p is ramified, the order of the image of the inertia group at w 
is odd. Then, the bad-dihedral case with p = 2k — 3, which corresponds to the 
local at p representation being induced from a ramified character of Q p 2 , can 
not occur. 

Remark: With the stronger assumption that the residual representation ram- 
ifies only at p, this is Lemma 6.2 (i) in [Kh], and the proof given there extends 
to our case. For the reader convenience, let us briefly recall the argument. 
Suppose that the image of the representation is dihedral, i.e., we consider 
the projectivization P(p), and if we call L the fixed field of its kernel, L is 
a Galois number field with dihedral Galois group D 2t of order 2t, t > 1. It 
follows from the hypothesis that the only quadratic number field K that can 
be contained in L is the quadratic number field unramified outside p (in any 
other case, the image of inertia at some other prime would be even). From 
this, it follows that t is odd, because for even t dihedral groups are known to 
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have more than one index two subgroup (even if in general only one of them 
is cyclic), therefore if t were even L would contain more than one quadratic 
field. 

This is enough to rule out the case p = 2k — 3, because in such a case locally 
at p the image of the projective representation is a dihedral group of order 
4, but D 2 t can not contain a subgroup of order 4 since we have shown that t 
is odd. 

Now we resume the process of WRGC: recall that we start with a represen- 
tation of some weight k > 16 and level 43 2 , and we pick the first prime p 
greater than k, except for k = 32 and k = 42 where the value of p will be 
specified later. In particular, we are always taking p ^ 43. 
As in Step 2, the reduction process will be guaranteed by certain inequalities 
that hold for k > 36 due to a strong version of Bertrand's postulate, and for 
16 < k < 36 and k = 42 it will be checked by hand (see Step 2). 
Let us start with the case k > 36, k ^ 42. We move to characteristic p 
and reduce modulo p. As we already explained, Lemma 13.11 implies that this 
residual representation is not bad-dihedral because p is near k, more pre- 
cisely: p/k < 1.144. 

We take a modular weight 2 lift, whose nebentypus uo k ~ 2 = (u d ) a is a char- 
acter of order m = (p — l)/d > 6, where d = (p — 1, k — 2). Observe that 
the exponent a is prime to p — 1. By choosing some t relatively prime to 
m, m/2 < t < m — 1, which exists because m > 6, we consider the Galois 
conjugate of this representation having nebentypus {uj d ) t . As in Step 2, from 
the fact that A; — 2 is near p — 1 (and thus dividing by d, a is near m) it 
follows that if t is taken sufficiently near m/2, thus sufficiently away from m, 
the largest possible Serre's weight of the residual conjugated representation, 
k\ = dt + 2, will be smaller than k. In Step 2 we took t to be the smallest 
possible number satisfying the above conditions. Now we need to be more 
careful, because we want to ensure that the residual conjugated representa- 
tion is not bad-dihedral. We can apply Lemma 13. 2\ because the only prime 
other than p where this residual representation ramifies is 43, and ramifica- 
tion at 43 is of order 11, thus we conclude that the bad-dihedral case with 
Serre's weight satisfying p = 2k' — 3 can not happen. Therefore, we only have 
to deal with the case p = 2k! — 1. Observe that in all this process the Serre's 
weights are going to be even, because the determinant is unramified outside 
p, and modular Galois representations are odd. Then, in particular, if p = 1 
(mod 4), since 2k' — 1 = 3 (mod 4) we are already safe and we know that 
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the bad-dihedral case can not happen. Later when we check by hand the 
weight reduction process for k < 38 this will be very important: whenever 
we choose the prime p = 1 (mod 4) then bad-dihedral cases can not occur 
(in this weight reduction). 

Unfortunately, it is not clear that for any gigantic k one can find a prime 
p = 1 (mod 4) larger than k sufficiently near k, so we still have to deal with 
the problem of bad-dihedral cases. The good thing is that we can restrict to 
the case p = 3 (mod 4). With this restriction in mind, since d — (p—l,k — 2) 
is always even, we see that m = (p — l)/d is odd. 

Let us first use the same Galois conjugation that we used in Step 2, where t is 
the first prime larger than m/2 coprime to m. Since in our current situation 
m is odd, this gives t — (m + l)/2. 

Remark: in what follows, since we are restricted to the case m odd, m > 7, 
we have <f)(m) > 6. This implies that there exists an integer t' prime to m 
with: 

m/2 <t<t'<m-l 

We conjugate using t, we compute the two possible values of the Serre's 
weight k' of the residual conjugated representation: k\ = dt+2, k 2 = p+3—ki, 
and let us check what are exactly the cases where one of these two values 
satisfies p = 2k! — 1. First, we observe that k± + k 2 = p + 3 and k\ > k 2 - This 
inequality, appearing already in [Di09], is due to the fact that ki > (p + 3)/2, 
which follows easily from the fact that we are taking t > m/2. Thus, we have 
2ki — 1 > 2ki — 3 > p, and this implies that k 2 — p+l — dt, the smallest of the 
two values of the Serre's weight, is the only one that can give a bad-dihedral 
case. 

So, let us suppose that we have: 

p = 2k 2 - 1 = 2(p + 1 - dt) - 1 

Or equivalently: 

p + 1 - 2dt = 

Using p = md + 1, m — 2t — 1, and expanding, we see that this is equivalent 
to: 

((2t-l)d+l) + l-2dt = 
And this is equivalent to: 

d = 2 
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Therefore, we see that the (possibly) bad-dihedral case occurs exactly when 
p = 3 (mod 4), t = (m + l)/2 and d = (p - 1, A; - 2) = 2. 
We stress that except in this specific case, the process of WRGC is done 
exactly as in Step 2 using the value of t as defined there, and what follows is 
an alternative Galois conjugation to be applied specifically in this case. 
So, suppose that p = 3 (mod 4), d — (p — 1, k — 2) = 2. Then, m = (p — l)/2 
is odd, and as in Step 2 we know that m > 6. 

As we remarked, the following integer exists: let t' be the smallest integer 
prime to m satisfying t — (m + l)/2 < t' < m — 1. Let us use this value for 
conjugation instead of t. First of all, it is clear that using t' we are not going 
to be in a bad-dihedral case, precisely because we are assuming that using t 
we are in such a bad case. In fact, if both things happen at the same time we 
would have that in both cases k2 satisfies: p = 2A;2 — 1, thus the value of ki 
would be the same for both conjugated residual representations. Replacing 
by the values of these weights we would obtain the equality (recall that we 
are assuming that d — 2) 

p + l-2t=p+l-2t / 

contradicting the fact that t ^ t'. In this argument we are using the fact 
that for t and for t' (which is larger than t) we know that the largest Serre's 
weight ki is too big to correspond to the bad-dihedral case. 
Thus, it remains to check that by conjugating using t', the new Serre's weights 
are smaller than the given weight k, and it is of course enough to check this 
for the largest of the two values, k\ = 2t' + 2. 

In order to see this, we begin by proving the following elementary Lemma: 

Lemma 3.3 Let m be an odd integer satisfying m > 7. 

Let p' be the smallest odd prime not dividing m. Then, it holds: 

p' < 0.6 • m 

Proof: we divide the proof in four cases: 

i) 3 \ m: in this case, p' = 3, and since m > 7 the Lemma follows because 
3 < 0.6-7 = 4.2. 

ii) 3 | m but 5 \ m: in this case p' — 5 and since m > 9 the Lemma follows 
because 5 < 0.6 • 9 = 5.4. 

iii) 15 | m but 7 \m: in this case p' — 7 and since m > 15 the Lemma follows 
because 7 < 0.6 • 15 = 9. 
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iv) 105 | m: in this case if we have p' = p r+1 it holds: r > 4 and m 

is divisible by the r — 1 first odd primes P2,P3, Pr- Then, because by 

Bertrand's postulate p 1 < 2 • p r we obtain: 

p' < 9 • p r = 0.6 • 3 • 5 • p r — 0.6 ■ P2 ■ P3 ■ p r < 0.6 • p 2 • p$ • • p r < 0.6 • m 

and this concludes the proof. ■ 
We have defined if to be the smallest integer that is prime to m and larger 
than (m + l)/2. Then, it is easy to see that if we define p' as in the Lemma 
above, it holds: 

t' = (m + p') /2 

Therefore, applying Lemma [3.31 we conclude that t' < 0.8 ■ m. 

From this, we have: k\ = 2t' + 2 < 1.6m + 2, and since m = (p — l)/2 this 

gives: 

fei < 0.8 ■ (p - 1) + 2 = 0.8 • p + 1.2 

On the other hand, we are assuming that k > 36 in order to use, as in 
Step 2, the validity of a strong version of Bertrand's postulate that gives: 
p < 1.144 ■ k. Combining this inequality with the previous one we obtain: 

fei < 0.8 ■ 1.144 ■ k + 1.2 = 0.9152 -k + 1.2 

Also, since k > 36, it is easy to see that 0.9152 • k + 1.2 < k, and then we 
conclude that k\ < k, which concludes the proof of the induction, for k > 36 
and k ^ 42. 

It remains to see that for the remaining values of k either t defined as in 
Step 2 or t' as defined above makes the induction work. We will list all cases, 
starting from the special values k = 42 and k = 32. 

In all cases p ^ 43, p ^ 2k — 1, and also k\, &2 < k. Moreover, since we are 
using t' instead of t precisely in those cases where p = 3 (mod 4) and d = 2, 
the equality p = 2k! — 1 for k! = k\ or k 2 is never satisfied: 

k = 42, p = 47 : d = 2,m = 23, t' = 13, h = 28, k 2 = 22 
k = 32, p = 47 : d = 2,m = 23, t' = 13, h = 28, k 2 = 22 
k = 36,p = 37 : d = 2,m = 18, t = 11, h = 2A,k 2 = 16 

k = 34, p = 37 : d = 4,m = 9,t = 5, Jfei = 22,k 2 = 18 
k = 30, p = 31 : d = 2,m= 15,t'= 11, h = 24, k 2 = 10 
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k = 


28, p = 


29 : 


d = 


2, m = 


U,t 


= 9, A;i 


= 20, A; 2 


= 12 


k = 


--26,p = 


= 29 


: d = 


= 4, m = 


--7,t-- 


= 4,** = 


= 18, kz - 


= 14 


k = 


24, p = 


29 : 


d = 


2, m = 


U,t 


= 9, An 


= 20, k 2 


= 12 


k = 


22, p = 


23 : 


d = 


2, m = 


11, t' 


= 7, fci 


= 16, k 2 


= 10 


k = 


20, p = 


23 : 


d = 


2, m = 


11, t' 


= 7, fc! 


= lQ,k 2 


= 10 


k : 


= 18,p- 


= 19 


, d = 


- 2, m = 


= 9,t' 


= 7, fc a 


= 16, k 2 


= 6 


k -- 


= 16, p -- 


= 17 


:d- 


= 2, m - 


= 8,t 


= 5, ki 


= 12, k 2 


= 8 



This concludes the WRGC process, and we end up with a newform f 9 of level 
43 2 and weight 2 < k < 14. 



3.7 Step 7 

This step is meant to reduce to cases where k < 17 and divisible by 4. This 
last condition will be required in Step 8. 

We start with f 9 and the idea is, as in Step 3, to unify the value of the weight 
using the Sophie Germain trick and then, since the weight obtained is too 
big, to perform some extra weight reductions, in a controlled way. This time 
we will apply Khare's method of weight reduction (cf. [Kh]). 
To preserve the MGD prime 43 in the level, we are going to avoid character- 
istics 11 and 43 at this Step. 

Once again, as explained at the beginning of Step 5, in order to ensure that 
residual images are 6-extra large it is enough to check that they are not di- 
hedral. 

So, let us first choose the pair of Sophie Germain primes 23 and 47. We 
consider a mod 47 Galois representation attached to fg. Since ramification 
at 43 has odd order, the only possible dihedral case is the bad-dihedral case. 
Since the residual Serre's weight satisfies 2 < k < 14 and p = 47 it follows 
from Lemma I3~i1 that the representation can not be bad-dihedral, thus it can 
not be dihedral. 

We take a modular weight 2 lift, with nebentypus u k ~ 2 , 2 < k < 14, we 
move to characteristic 23, and we reduce mod 23. Observe that this residual 
representation has Serre's weight 2 and is ramified at most at 47, 23 and 43. 
Ramification at 47, since we are reducing mod 23 a character of order 23, can 
either be trivial or unipotent. In any case, if we suppose that the residual 
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representation has dihedral image, it must be unramified at 47. Again, since 
43 is a MGD prime, the only possible dihedral case is the bad-dihedral case, 
which is ruled out by Lemma [3.11 because k = 2. 

We take a lift of weight 2 of this residual representation, corresponding to a 
newform that is Steinberg locally at 47 (in case the residual representation is 
unramified at 47, we are raising the level: as in step 3, it is easy to see that 
the necessary condition for level raising is satisfied). We move to character- 
istic 47 and we reduce mod 47. This residual representation can only have 
dihedral image if it has bad-dihedral image (the only ramified prime other 
than 47 being the MGD prime 43), which is ruled out again by Lemma [3.11 
because the Serre's weight is k = 48 or k = 2. 

In any case, we can take an ordinary lift of this residual representation of 
weight 48 and level 43 2 (the specialization at k = 48 of the Hida family con- 
taining the weight 2, Steinberg at 47 newform). Thus, we have been able to 
reduce to a case of weight 48. Even if 48 is divisible by 4, it is too big for our 
purposes, so let us continue by linking this representation with some other 
representation of smaller weight. 

At this point, we apply a particular case of Khare's weight reduction: we pick 
a prime p larger than k, we reduce modulo p and take a modular weight 2 
lift, and we also select an auxiliary prime r dividing p— 1 so that by reducing 
modulo r the order of the nebentypus changes. This way, one can take a lift 
of this mod r representation with a different type at p, in our case we are 
taking a lift that is minimal at p, and going back to characteristic p the value 
of the residual Serre's weight will be different than the initial one (see [Kh] 
for details). 

We have a newform of weight 48 (and level 43 2 ), and we choose p = 53. 
We reduce mod 53 (as usual, the residual image is not dihedral because of 
Lemma 13. Ij) and take a modular weight 2 lift with nebentypus a; 46 of order 
26. 

We move to r = 13 and we reduce modulo 13. This residual representa- 
tion has weight 2, and it ramifies at 13, 43 and 53. Since ramification at 
43 has odd order, and applying Lemma 13. 1[ we conclude that if the image 
is dihedral, it must be the case that the representation is induced from the 
quadratic number field ramified only at 53. 

Luckily, the MGD prime 43 is a square modulo 53, then we can argue as with 
Good-Dihedral primes (this is the argument used to obtain large images with 
Good-Dihedral primes, as in [KW]) to get a contradiction. Let K = Q(y / 53). 
Suppose that the residual representation is induced from a character of Gk, 
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in which case its restriction to Gk is reducible. Since 43 is split in K, the 
image of the decomposition group at 43 is contained in the restriction to 
Gk of the representation, and this gives a contradiction since the first one is 
irreducible because 43 is a MGD prime and the latter is reducible. 
This proves that the mod 13 representation can not have dihedral image. 
Before reducing modulo 13, we had a nebentypus of order 26. Thus, if we 
take a minimal lift of this mod 13 representation, it will correspond to a 
weight 2 newform of level 43 2 • 53 but this time ramification at 53 will be 
given by a character of order 26/13 = 2, namely, u 26 . 

We go back to characteristic 53, and the possible values for the Serre's weight 
of this residual representation are 26 + 2 = 28, or 53 + 3 — 28 = 28, so k = 28. 
This implies that the image is not bad-dihedral, because even if 53 = 2-28 — 3 
we can apply Lemma [3T21 (the only prime in the level is the MGD prime 43). 
Therefore, the residual image is is not dihedral. 

So far, we have reduced to the case of a newform of weight k = 28 and level 
43 2 . Now we apply again Khare's weight reduction, taking p = 29. We re- 
duce mod 29 (thanks to Lemma 13.11 the residual image is not dihedral) and 
take a modular weight 2 lift, whose nebentypus is u 26 , a character of order 
14. 

We move to r = 7, and obtain a mod 7 representation p of weight 2 ramified 
at 7, 43 and 29. If we suppose that this representation is dihedral, induced 
from a character of Gk for some quadratic number field K, then due to 
lemma 13.11 we know that K can not ramify at 7, and since 43 is a MGD 
prime we conclude that it must be K = Q(a/29). 

It takes some effort to show that this is not possible: in fact after reduction 
modulo 7 ramification at 29 is given by a character of order 14/7 = 2, so a 
priori p could be induced from K. The key to show that this is not possible 
is that K is real, and 7 is split in K. Supposing that the restriction to Gk 
of p is reducible, then using the fact that the Serre's weight is 2 and that 7 
is split in K, the first thing that we notice is that the restriction of p to the 
inertia group I7 must be given by the sum of the characters \ and 1. 
Then, we compute using PARI/GP the ray class field of K of conductor 7, 
for 7 a prime in K dividing 7 and we see that it gives an extension of K of 
order 12, which is given by the composition of the cyclotomic field of 7-th 
roots of unity and the quadratic extension corresponding to a square root of 
(a generator of the ideal corresponding to) the prime 7. Let us call ip the 
quadratic character of Gk corresponding to the latter. 
Let pi, P2 be the two mod 7 characters whose sum is isomorphic to the re- 
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striction to Gk of p, then we have (in some order): 

A*i — A*2 — X 1 ~ l ip^4>~ 1 , with 1 < z < 5 and j = or 1, where is 

unramified outside 43. 

Combining this information with the local information at inertia at 7 already 
mentioned it is easy to see that the following must hold: j = and i — 1. But 
this contradicts the fact that this is the restriction of an induced represen- 
tation, because in such a case the two characters should be inner conjugates 
of each other. 

This concludes the proof that the mod 7 representation does not have dihe- 
dral image. 

We now proceed as in the previous reduction: we take a minimal lift of this 
residual representation, observing that now the ramification at 29 is given 
by the quadratic character u 14 . 

We go back to characteristic 29, where the residual Serre's weight is 14 + 2 = 
16 or 29 + 3 — 16 = 16, and the residual image is not bad-dihedral (thus not 
dihedral) due to Lemma [3721 

We end up this step with a newform / 10 of weight 16 and level 43 2 . 



3.8 Step 8 

This is a very elementary step, we have isolated this move just because of its 
conceptual importance. 

Since the weight of fw is 16, we can move to characteristic 17 and produce a 
congruence with a weight 2 newform fu of level 43 2 • 17, whose ramification 
at 17 is given by the character u 1A of order 8, a character that is also the 
nebentypus of this newform. 

In this congruence, the residual representation has Serre's weight 16 and 
p = 17, then an application of Lemma \3.1\ together with the fact that 43 is a 
MGD prime (where ramification has an odd order) proves that the residual 
image is not dihedral. Due to the MGD prime in the level, this is enough to 
conclude that the residual image is 6-extra large (see discussion at beginning 
of Step 5). 

This Step concludes with fu, a weight 2 newform with nebentypus of order 
8 at 17 and the MGD prime 43 in the level. 
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3.9 Step 9 



At this step we are going to remove the MGD prime 43 from the level of fn, 
more precisely we will transform it into a Steinberg prime via a modulo 11 
congruence. 

The problem is that since we are losing the MGD prime it is not clear a pri- 
ori that the residual image will be irreducible in this congruence. Moreover, 
the space of newforms of weight 2 and level 43 2 • 17 seems to be too big for 
computations, so we can not check by hand that a mod 11 representation 
attached to fn is irreducible. 

Luckily, the local information of the 11-adic Galois representation at the ram- 
ified primes 43 and 17 is enough to deduce that the residual representation 
is irreducible, as proved in the following: 

Lemma 3.4 Consider the weight 2 newform fn, whose level is 43 2 • 17, 
with nebentypus ip of order 8 ramified at 17 and such that 43 is a MGD 
prime with ramification at 43 having order 11. Then, any modulo 11 residual 
representation attached to f u is irreducible. 

Proof: Let p be a residual representation in characteristic 11 attached to fn. 
Suppose that p is reducible, and let us call p±, pi the two characters in the 
diagonal. Since 43 was a supercuspidal prime, and ramification at 43 was 
given by a character of order 11, it is well-known that this residual represen- 
tation will either be unramified or have unipotent ramification at 43. In any 
case, it is clear that the characters p\ and pi are unramified at 43. From 
now on, we consider the semi-simplification of the residual representation, 
which is isomorphic to the direct sum p\ © p 2 . Using the information on the 
ramification at 17, and the fact that the newform is of weight 2 and level 
prime to 11, we conclude that there are just two possibilities for this direct 
sum: it must be either x'P © 1 or % © ■0. 

On the other hand, the 11-adic lift of p provided by fn is, locally at 43, 
induced from a character of the unramified quadratic extension of Q43, and 
therefore the residual representation must satisfy the trace condition neces- 
sary for the existence of such a lift: in terms of the characters pi the condition 
is: 

/i 1 (43)+/i 2 (43) = 
(recall that this is an equality in characteristic 11). 

We plug into this formula the two possible values for these characters and in 
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both cases we obtain (again in characteristic 11): 

^(43) = 1 (@) 

Since ip is a character ramified at 17 of order 8, if we take a prime w which 
is a primitive root modulo 17 the value ip(w) will be an element of order 8 
in some extension of Fxi- An easy computation shows that the order of 43 
modulo 17 is 8, thus 43 = w 2 (mod 17) for some primitive root w. Therefore, 

gives an element of order 4 in some extension of 
Fn. But this clearly contradicts (@), and this concludes the proof that p is 
irreducible. 
■ 

We have thus seen that the mod 11 representation p attached to fn is ir- 
reducible. Let us check, using once again Dickson's classification, that its 
image is large. First of all, the projective image can not be an exceptional 
group because the image of ramification at 17 gives an element having, even 
after projectivization, order 8. 

Since the Serre's weight is 2, it follows from Lemma 13.1 1 that, if the image 
is dihedral, it must be induced from a quadratic field K ramifying at most 
at 17 and 43. But ramification at 43 of the residual representation is either 
trivial or unipotent (thus in both cases of odd order), so K can only ramify 
at 17. 

To show that this case can not occur, we argue as in the proof of Lemma 13.11 
We are now considering ramification at a prime different from the residual 
characteristic, but nevertheless the same reasoning on dihedral groups ap- 
plies: If we assume that the image of p is dihedral induced from K and at 
a ramified prime r we know that the image of the inertia group is given by 
a cyclic group of projective order greater than 2, then the quadratic field K 
can not ramify at r. 

Thus, we conclude that the residual image can not be dihedral. Therefore, 
from Dickson's classification we see that the image is large. Moreover, since 
PGL(2,F n ) does not contain elements of order 8, we see (using a generator 
of the inertia group at 17) that the image is 6-extra large. 
As we have already remarked, the residual representation p will have either 
trivial or unipotent ramification at 43. Moreover, in the unramified case, it 
is easy to see from the existence of the lift given by fn, which is supercus- 
pidal at 43, that the necessary condition for the existence of a lift that is 
Steinberg at 43 is satisfied. In fact, since 43 = —1 (mod 11), this condition 
simply reads p(Frob 43 ) = (mod 11), and we have already stressed during 
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the proof of Lemma 13.41 that this is satisfied. In any case, soit by Steinberg 
level-raising, soit by taking a minimal lift, we conclude that there is a mod- 
ular lift of p corresponding to a weight 2 newform /12 of level 43-17, which 
is Steinberg at 43 and has a nebentypus of order 8 at 17. 



3.10 Step 10 

What we do now is to move to characteristic 43 and consider the residual 
representation attached to fa in this characteristic. In order to show that 
this residual representation is irreducible, we perform a computation using 
MAGMA in the full space of newforms of weight 2 and level 43 • 17, with 
nebentypus given by any character ip of order 8 ramified at 17. The output 
of this computation is that any residual representation in characteristic 43 
attached to any of these newforms is irreducible. 

It took us only a few minutes to check this, because we used some theoretical 
information to speed the computation. In fact, all we did was to compute 
the Hecke polynomial P2{x) of the Hecke operator T 2 in the above mentioned 
space. Then, we studied what are the possible characters that would appear 
in the reducible case, i.e., if the residual representation is assumed to be 
reducible, we call fii and \i2 the characters in the diagonal, and using local 
information we conclude that their sum will be either x'P © 1 or x ©■?/>, as in 
the previous step. In any of the two cases, we evaluate this sum at the prime 
2 and we consider Q(x) to be the minimal polynomial of the value obtained. 
The two different values for Q(x) that we obtain are: 

(x - 2) 8 - 1, and (a; - l) 8 - 2 8 

To conclude, we simply check using resultants that the polynomials P2(x) 
and Q(x) (we consider here the two possible values of the latter) do not have 
any common root modulo 43. 

Knowing that the modulo 43 representation is irreducible, let us check that 
its image is 6-extra large. Again, the ramification at 17 makes easy to see 
that the image can not be exceptional, and for the dihedral case we just 
observe that since the Serre's weight is either 2 or 44 it can not be dihedral 
corresponding to a field K ramifying at 43 due to Lemma I3.1[ and as in the 
previous step we also eliminate the case where K ramifies at 17 because the 
image of the ramification group at 17 contains an element of projective order 
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8. 

We conclude from Dickson's classification that the image is 6-extra large. 
We consider a modular lift of this residual representation, corresponding to 
a newform g of weight 44 and level 17, with nebentypus at 17 given by a 
character ip of order 8. Observe that both / 12 and g are ordinary at 43, they 
live in the same Hida family. 

3.11 Step 11 

This step consists just on a computation performed using MAGMA on the 
space of newforms of weight 44 and level 17, with any nebentypus of order 8 
at 17. Recall that g, the final output of our chain, lives in this space. In agree- 
ment with some expectations based on generalizations of Maeda's conjecture 
(work in progress of P. Tsaknias jointly with the author), we conjectured 
that this space contains a unique orbit of Galois conjugated newforms. 
This was confirmed by our MAGMA computation. This was computed by 
P. Tsaknias using the MAGMA command NewformDecomposition, it took 
14 hours in a CPU Intel Xeon E7-4850, 2GHz, with 192GB RAM. The com- 
puter used was the server of the Number theory Group of The Department 
of Mathematics of the University of Luxembourg. 

Therefore, we have managed to link any given level 1 cuspform / with the 
orbit of g, and the chain constructed is safe, in the sense that current A.L.T. 
(including the result in Appendix B) can be applied in both directions, at any 
link, to the 5-th symmetric powers of the Galois representations considered. 
In particular, by transitivity, together with the fact that Galois conjugation 
is a valid move (so that we can move freely in the orbit of g), any given pair 
of level 1 cuspforms can be linked to each other in a safe way. Thus, using 
our chain, we conclude that automorphy of Symm 5 (/) will hold for any level 
1 cuspform / provided that we can prove it for a single example. 

4 The base case for the automorphy of Symm 5 (GL(2)) 

For the base case, we start by considering an example of a weight 1 cusp- 
form with projective image A§ studied in [KiW]. This example consists on 
a cuspform /q of prime level 2083, weight 1, and quadratic nebentypus. We 
can consider this complex representation as taking values on a finite field of 
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characteristic 2083, and the obtained residual representation will have Serre's 
level 1 and Serre's weight 1042, so we know that there is a level 1 cuspform f 
of weight 1042 such that this residual representation is attached to it. Our 
goal is to prove automorphy for Symm 5 (/o), by exploiting its congruence 
with Symm 5 (/o)- 

Using results of Kim and Wang (cf. [Kim], [W]), it is known that Symm 5 (/g) 
is cuspidal and automorphic. If we call p the complex Galois representation 
attached to /q, this uses the identity: 

Symm 5 (p) = Symm 2 (p) <g> p (*) 

where p' denotes the Galois conjugate representation of p, which has trace 
defined over Q(\/5). 

But this is not enough to conclude residual automorphy of the 2083-adic Ga- 
lois representation attached to fo, in the sense required for the application 
of A.L.T., because the automorphic form attached to Symm 5 (/o) is clearly 
not regular. 

In order to solve this problem we first consider p and p', the mod 2083 rep- 
resentations obtained from p and p', and we replace them in formula (*). 
Observe that since 2083 does not divide the order of the image the formula 
in characteristic 2083 is still an equality between irreducible Galois repre- 
sentations. We now consider lifts of the residual representations p and p' 
attached to cuspforms of weights greater than 1. More precisely, we know 
that can take a 2083-adic Galois representation attached to fo, a cuspform of 
weight 1042, as a lift of p, and we can take some 2083-adic Galois representa- 
tion attached to a weight 2 newform fi minimally lifting p' (it exists because 
any mod p odd, irreducible, representation has a weight 2 minimal modular 
lift). Since p' also has ramification at 2083 given by a quadratic character, it 
is clear that f\ has level 2083 and that its 2083-adic Galois representations 
are potentially Barsotti-Tate. 

By plugging the representations attached to f and f\ into the right hand side 
of formula (*), and the one attached to f on the left hand side, we conclude 
that there is a modulo 2083 congruence between the Galois representations 
attached to Symm 5 (/o) and to Symm 2 (/i) ® /q. 

As in the work of Kim and Wang, we can deduce from known cases of Lang- 
lands functoriality (the Symm 2 (GL(2)) case due to Gelbart and Jacquet in 
[GJ] and the GL(2) x GL(3) case due to Kim and Shahidi in [KS]) that the 
latter tensor product is cuspidal automorphic (cuspidality follows from the 
criterion given in section 2 of [W]). Moreover, from our choice of the weights 
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of /o and fi it is clear that its attached Galois representations are regular, 
and using the fact that for / the prime 2083 is not in the level and is in 
the Fontaine-Laffaille range and that f\ is potentially Barsotti-Tate at 2083 
we see that the 2083-adic Galois representation attached to the automorphic 
form Symm 2 (/i) <g> / is potentially diagonalizable. 

On the other hand, we also know that the 2083-adic Galois representation at- 
tached to Symm 5 (/ ) is potentially diagonalizable (again, because 2083 is in 
the Fontaine-Laffaille range for fo). Finally, observe that the residual projec- 
tive image in the congruence between 6-dimensional Galois representations 
that we are considering is irreducible and isomorphic to A 5 , thus clearly the 
residual representation will stay irreducible over any cyclotomic extension, 
thus it follows from the main result of [GHTT] that its image is adequate 
even after restriction to a cyclotomic field. 

We have all the ingredients to apply the A.L.T. in [BLGGT] to deduce 
automorphy of Symm 5 (/ ) from this mod 2083 congruence, because both 
6-dimensional Galois representations are regular and potentially diagonaliz- 
able, and the residual image satisfies the required condition. Therefore, the 
automorphy of Symm 2 (/i) ® f implies that of Symm 5 (/ ). This concludes 
the proof of the base case and, due to the results of the previous section, we 
also conclude automorphy of Symm 5 (/) for any given level 1 cuspform /. 

5 Application to base change 

A "straightforward" concatenation of the safe chain constructed in Section 3 
with the process of "killing ramification" (including ramification swapping) 
as used in section 4 of the paper [Dil2b] gives a new proof of base change 
for GL(2), for any newform of odd level, this time without local conditions 
on the totally real number field F. We do not even assume that F is a Ga- 
lois number field. Thus, this proof works in much more general situations 
than the one given in [Dil2a]: it should be observed that we are relying on 
the construction given in section 3 and this constructions owes a lot to the 
methods created in [Dil2a]. 

Moreover, applying the 2-adic Modularity Lifting Theorem in [K-2] together 
with an adaptation of ideas from [KW] we can extend the proof of base 
change to newforms of arbitrary level by killing ramification at 2 without 
increasing the weight. 

We begin by explaining the proof for newforms of odd level, we will explain 
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the case of even level at the end of this section. As usual, adding the Good- 
Dihedral prime as in step 1 in section 3 is done first, before anything else, 
and the primes t and q are taken larger than a bound B that is itself larger 
than any other auxiliary prime to appear in the rest of the proof (this is 
standard, compare with [Dil2b] and [Dil2a]). 

The base case for this new proof will be a CM modular form of odd level, and 
the fact that the part of the chain that we are going to take from [Dil2b] is 
good enough to propagate modularity over F in both directions can be easily 
checked: residual images are large because of a Good-Dihedral prime q, this 
is true in particular when the characteristic is 3 or 5 because the projective 
image of the inertia group at q gives a cyclic group whose order t is a very 
large prime (and largeness is preserved by base change because the represen- 
tations are odd and F is totally real, cf. [Dil2a], Lemma 3.2. In fact, the 
easiest way to see this is to pass first to the Galois closure F of F: since the 
image of the restriction to Gp contains the image of complex conjugation and 
is a normal subgroup of the full image, we easily see that the image of this 
restriction is large, thus a fortiori the image of the restriction to Gp is also 
large), and the two main A.L.T. in [BLGGT] (and the result in Appendix 
B, cf. [DG]) apply during the process of ramification swapping (there are 
two rounds of swapping, described in Lemmas 4.1 and 4.2 in [Dil2b]: in each 
congruence either both representations are ordinary or they are both poten- 
tially diagonalizable, the latter case involving potentially Barsotti-Tate and 
crystalline Fontaine-Laffaille representations, as in previous sections, except 
when the residual Serre's weight of a potentially Barsotti-Tate representation 
happens to be p + 1: in this case the minimal crystalline lift of weight p + 1 
is outside the Fontaine-Laffaille range, but is known to be ordinary, thus po- 
tentially diagonalizable), whilst for the killing ramification, as in Prop. 4.3 
in [Dil2b], one relies on the Modularity Lifting Theorem (M.L.T.) in [K] 
(observe that this theorem works well in both directions) . The latter applies 
exactly as in [Dil2b] for trivial reasons provided that one makes sure that it 
is applied at primes that are split in F (we are using the fact that we know 
that the image of the restriction to Gp is large). It is easy to see that the 
set of auxiliary primes appearing in the level (after the application, in two 
rounds, of ramification swapping) can be required to be totally split in F be- 
cause this is perfectly compatible with the other condition imposed to these 
primes qi in [Dil2b]. In fact, when the prime bi, a pseudo Sophie Germain 
prime, introduced to the level in the first round of swapping, is Steinberg (cf. 
Lemma 4.1 in loc. cit.), then the only condition on the prime (such that 
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we swap ramification from bi to in the second round) imposed in loc. cit. 
is that it must be congruent to 1 modulo 2 • (6j — 1) (cf. Lemma 4.2 in loc. 
cit.). When, for the pseudo Sophie Germain prime bi introduced to the level 
in the first round of ramification swapping, ramification at ft, turns out to be 
given by a quadratic character (the second case in the output of Lemma 4.1 
of loc. cit), the second round is omitted in loc. cit. (cf. Lemma 4.2 in loc. 
cit.). Since it would be hard to ensure that such primes are split in F, we 
can simply proceed to apply the second round of ramification swapping also 
to these primes, exactly in the same way that it is applied at the Steinberg 
primes in Lemma 4.2 in loc. cit.: since it is known that with this quadratic 
ramification at 6, a weight 2 family will have residual Serre's weight at bi 
equal to k — (bi + 3)/2, we must choose a large auxiliary prime q^ such that 
qi = 1 (mod 2 • (k — 2))), i.e., = 1 (mod bi — 1), and we can proceed to 
"swap" ramification from bi to qi as done with Steinberg primes in Lemma 
4.2 in loc. cit., the proof via results of Caruso that the condition required 
to apply [K] at the killing ramification process is satisfied (cf. Prop. 4.3 and 
Lemma 4.4 in loc. cit.) extends verbatim to this extra case, and now we can 
safely say that all the auxiliary primes in the level after the second round of 
swapping can be taken to be split in F. 

These remarks being done, the proof of base change proceeds a a simple con- 
catenation: after introducing the Good-Dihedral prime q to the odd level of 
the given newform / in the usual way, apply the killing ramification as in 
[Dil2b] to reduce to a "level one" situation. Actually this is not truly level 
1 because the Good-Dihedral prime q is already in the level, but in any case 
at this point we connect with the safe chain constructed in Section 3, just 
observe that we start from Step 2 instead of Step 1. 

In any case, it is the safe chain constructed in section 3 the one that allows us 
to link any pair of newforms to each other, we are just adding two tails to this 
chain, corresponding to the killing ramification for the given newform / at 
one end of the chain and for the base case form f at the other end. The fact 
that the chain from section 3 can be used to propagate modularity (in both 
directions) after restriction to Gp is due to the fact that the local conditions 
required to apply the two main A.L.T in [BLGGT] and the improvement in 
Appendix B are preserved by arbitrary base change, and that the largeness 
of the residual images is also preserved by restriction to Gf, as we already 
explained (and we have shown in section 3 that in this chain residual images 
are always 6-extra large, thus in particular they are large). The newform / 
is assumed to be non-CM, because base change is known in the CM case. 
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The only non-trivial comment to be done is that for the arguments in Sec- 
tion 3 we require that the initial weight be greater than 2, and it can be the 
case that after concluding the killing ramification one finishes with a weight 
2 newform. If this happens, this can easily be remedied by acting as if the 
Good-Dihedral prime q in the level were not a Good-Dihedral prime, then 
choosing and adding another prime q' much bigger such that it is Good- 
Dihedral for all characteristics up to some bound B' larger than q. Then, 
removing q from the level in two steps (as done in Section 3), we know that 
we will end up with a representation of weight q + 1 > 2 and level q' 2 , good- 
dihedral at q' . In other words: a simple iteration of the argument allows 
us to work "as if after the completion of the killing ramification step the 
weight obtained "will be" greater than 2. 

Concerning the base case, it is easy to see that given any form /o attached 
to a CM elliptic curve E of odd conductor, if we call K the field such that 
E has CM by an order of K, f can be base changed to any totally real 
number field F (as it is well-known, since K can not be contained in F the 
restrictions to Gp of the £-adic Galois representations attached to f are ab- 
solutely irreducible). Also, given F we easily see that there is a prime p > 5 
(depending on F) not in the level of fo such that the residual mod p rep- 
resentation attached to / (it is of course dihedral) will be irreducible even 
after restriction to F(( p ) (we just need to ensure that F(( p ) does not contain 
K, where F denotes the Galois closure of F, but it is easy to see that this 
can only fail for finitely many primes). 

Then, modulo such a prime p the first thing that we do is to apply level- 
raising to add a Steinberg odd prime w to the level (keeping the weight equal 
to 2). At this mod p congruence, it follows from the result in [GHTT] that 
the residual image restricted to F(( p ) is adequate (and both representations 
are Barsotti-Tate), thus we see that modularity over F propagates well. Af- 
ter introduction of the Steinberg prime we already have a weight 2 newform 
with generically large residual images (cf. [Ri85]), and we can proceed to 
introduce the Good-Dihedral prime to the level and go on with the killing 
ramification. Except at this first step where the residual image is dihedral 
(but not bad dihedral), all the residual representations in the rest of the chain 
will be large. 

This concludes the the proof of base change for odd level newforms where, 
thanks to the fact that the local conditions in the A.L.T. in [BLGGT] and 
in Appendix B are preserved by base change, we do not need to impose any 
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local condition on the field F. 



Let us now focus on the case of a newform / of even level. As usual, we 
assume that / is a non-CM form. The idea to prove base change for such a 
newform is to eliminate the prime 2 from the level as in [KW] , relying on the 
2-adic M.L.T in [K-2], thus reducing the proof to the odd level case, already- 
solved. 

First of all, since we are going to need the 2-adic M.L.T. over F, let us ob- 
serve that we are going to apply Theorem 0.9 in [K-2], but with the local 
condition at the prime 2, numbered as condition (3) in loc. cit. , replaced by 
the condition: 

(3') Let v be any prime of F dividing 2 such that the representation p re- 
stricted to the decomposition group at v is ordinary. Then the 2-adic repre- 
sentation ph, which is attached to a Hilbert newform h and is congruent to 
p modulo 2, is also ordinary locally at v. 

The fact that Theorem 0.9 in loc. cit. holds with this modification can be 
seen by inspecting its proof (the same happens with the M.L.T. in odd resid- 
ual characteristics proved in [K-BT], where a version of the main theorem 
with this more general condition is recorded), it could have been stated this 
way. 

We proceed with / as we did in the odd level case, the only difference is 
that at some point we are going to eliminate the prime 2 from the level. The 
right moment for this is after the swapping ramification process (applied to 
all ODD primes in the level), and before starting the killing ramification. At 
this point the newform, let us call it /', contains in its level the prime 2, 
plus a set of relatively large auxiliary primes and a very large prime q, 
the good-dihedral prime, where ramification has order t, another very large 
prime number. Observe also that at this point of the argument /' has weight 
2 (cf. [Dil2b]). 

Because of the Good-Dihedral prime, we know that if we work modulo a 
small odd characteristic the residual image will be adequate. Also, as in 
[KW] or [Dil2a], the prime q is supposed to satisfy certain conditions with 
respect to the prime 2, and the prime t is taken greater than 5, and using 
this it follows (cf. [KW]) that if we work modulo 2 the residual projective 
images will be non-solvable and not isomorphic to A 5 . 

Let us also assume, as in [Dil2a], that the prime q is split in the Galois clo- 
sure F of F, this way after restricting to Gp a 2-adic Galois representation 
we know that the residual projective image still is absolutely irreducible and 
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contains an element of order t, and from this we conclude, as in [Dil2a], 
Lemma 3.4, that the image of this restriction is again non-solvable and not 
isomorphic to A 5 . We easily conclude that the same holds for the image of 
the restriction to Gf- 

Let us now indicate the moves, taken from [KW], that will allow us to link 
the compatible system attached to /' with another corresponding to a new- 
form of odd level, in such a way that, after restricting to Gp, modularity 
propagates well from the latter to the former. 
We divide in two cases: 

(i) the 2-adic Galois representation attached to /' is potentially Barsotti- 
Tate, 

(ii) the 2-adic Galois representation attached to /' is potentially semistable 
of weight 2. 

Let us start with case (ii). In this case, we can twist the representation by 
a suitable character in order to reduce to the semistable case, so let us as- 
sume that the 2-adic representation attached to /' is semistable. As in [KW], 
section 9, we reduce modulo 3 to change the local type at 2, preserving the 
weight and the ramification at all other primes (this is based on Theorem 5.1 
of loc. cit.): since 3 is not in the level of /' (the primes are large primes) this 
is just a congruence between Galois representations that are both Barsotti- 
Tate at 3, and because of the good-dihedral prime the residual image is large, 
thus adequate, therefore we know from the A.L.T. in [BLGGT] (its variant 
in Appendix B) that the new Galois representation we are creating is also 
modular, attached to certain newform / 2 . This new Galois representation 
constructed in [KW] has a different type at 2, /' was Steinberg while f 2 is 
principal series at 2 (ramification being given by characters of order 3). It 
is important to observe that the 2-adic Galois representation attached to f 2 
is potentially Barsotti-Tate. Moreover, it is shown in [KW] that the residual 
modulo 2 Galois representation attached to f 2 has Serre's weight 2. There- 
fore, applying again Theorem 5.1 of loc. cit. (recall that we know that the 
projective residual image is non-solvable and not an A 5 ) we can take a lift 
of this mod 2 representation corresponding to a newform f 3 of weight 2 and 
odd level. More precisely, the lift is constructed using Theorem 5.1 in loc. 
cit., and its modularity follows from Theorem 4.1 in loc. cit. 
Since / 3 has odd level, we know that it can be base changed to F. Let us 
now explain why the chain we have just constructed linking / to fs is safe, in 
the sense that it allows to propagate modularity for the restrictions to Gp, 
backwards. It is enough to concentrate on the part of the chain that goes 
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from /' to f%, because we have already explained (when dealing with the odd 
level case) that the part linking / to /' is safe (the fact that now the prime 
2 is in the level does not affect the argument). 

The restrictions to Gf of the modular Galois representations being consid- 
ered have residual images that are adequate, even after restriction to G\f(c p )j 
when the residual characteristic is p = 3, and non-solvable and not projec- 
tively A 5 when p — 2. For the mod 3 congruence between /' and f 2 , we 
easily see that the A.L.T. in [BLGGT] (its variant in Appendix B) applies 
over F . Thus, it remains to check that in the mod 2 congruence modularity 
over F propagates from f 3 to f 2 , applying the modification of Theorem 0.9 in 
[K-2] discussed above. Conditions (1) (residual modularity and non-solvable 
residual image) and (2) (potentially Barsotti-Tate at primes above 2) of this 
theorem are satisfied by the restriction to Gf of the 2-adic representation 
attached to f 2 , and concerning condition (3'), if we assume that the 2-adic 
Galois representation attached to f 2 satisfies this potential ordinarity condi- 
tion, then it is known that this can only happen if it is nearly-ordinary at 2 
(cf. [H], Prop. 3.3), but this implies that the residual mod 2 representation 
is ordinary, thus that the Barsotti-Tate representation attached to f 3 is or- 
dinary. 

We conclude that the 2-adic M.L.T. of Kisin applies, thus that modularity 
propagates well over F, from f 3 to /. 

Let us now treat case (i). This time we move directly to characteristic 2 and 
we reduce modulo 2. If the residual Serre's weight is 2, we take a lift corre- 
sponding to an odd level, weight 2 modular form f 2 (the existence of which 
follows from Theorems 4.1 and 5.1 of [KW]), and we see as in the previous 
paragraph that the 2-adic M.L.T. of Kisin allows to propagate modularity 
over F from f 2 to /'. If the residual Serre's weight is 4, we take a lift, whose 
existence is also guaranteed by Theorems 4.1 and 5.1 of loc. cit. , correspond- 
ing to a newform f 2 of weight 2 and even level whose level is strictly divisible 
by 2 and the prime 2 is Steinberg. Since f 2 falls in case (ii), we have already 
shown that it can be base changed to F. It remains to check that the 2-adic 
M.L.T. of Kisin can be applied to propagate modularity over F from f 2 to /', 
and again condition (3') is the only non-trivial one. But since f 2 is semistable 
at 2, it is also ordinary at 2, so condition (3') holds automatically. 
We conclude that, in any case, we can construct a safe chain linking / with 
an odd level newform, and in particular, that / can also be base changed to F. 
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6 Base change for Symm (GL(2)) 

For level 1 newforms / we have shown automorphy of Symm 5 (/), let us see 
that by combining this with the base change result in the previous section 
we can also deduce that Symm 5 (/) can be base-changed to any totally real 
number field F. 

This follows by considering the same chain constructed in section 3, and the 
proof of automorphy for the base case given in section 4, and checking that 
all the construction can be base changed to F. The fact that the safe chain 
also works well over F is automatic, if we argue as in the previous section: 
the local conditions for the A.L.T are preserved by base change, and after 
restriction to Gp a residual image that is 6-extra large remains 6-extra large. 
Concerning the base case, the projective residual image A 5 is not changed by 
restriction to Gp (again, you can use the fact that the projective image of 
the restriction to Gp is not trivial because the representation is odd and the 
Galois closure F of F is totally real, therefore since A 5 is simple the projective 
image of the restriction to Gp does not change, thus clearly for the restriction 
to Gf the same holds). The rest of the proof of automorphy for the base 
case, this time over F, goes exactly as in section 4, just notice that /o and 
fi can be base changed to F because of the result in the previous section, 
and that the known cases of Langlands functoriality applied to conclude that 
Symm 2 (/!) (g) f is automorphic are also known to hold when f and fi are 
Hilbert newforms over F. 

7 (Conditional) Automorphy for Symm 5 (GL(2)) 
for newforms of level prime to 30 

Using the method of killing ramification as described in section 5, it should 
be possible to extend the proof of cuspidal automorphy of Symm 5 (GL(2)) 
for any non-CM newform whose level is prime to 30. The same applies 
to the base-changed version of this result discussed in the previous section. 
The problem is that at some steps (at the true "killing ramification") we 
have applied the results in [K] and there is no analogue of such results for 
representations of dimension greater than 2. At those congruences where the 
results of [K] have been applied, one of the representations in the congruence 
is potentially crystalline, but it is not known whether or not it is potentially 
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diagonalizable. More precisely (cf. Proposition 4.3 in [Dil2b]), after the 
process of ramification swapping we must perform the killing ramification 
process for a potentially crystalline representation of non-trivial weight k in 
residual characteristic p such that the representation becomes crystalline over 
a subextension of Q p (( p ) of degree e and it holds: 

(k - 1) • e < p - 1 

Thus, IF WE SUPPOSE that all potentially crystalline representations sat- 
isfying this condition are potentially diagonalizable, we can apply the A.L.T. 
in [BLGGT] and in Appendix B to their 5-th symmetric powers and, com- 
bining killing ramification with the safe chain constructed in section 3 (see 
section 5 for details on such a concatenation) the proof of automorphy for 
the 5-th symmetric power extends to any non-CM newform of level prime to 
30, and arbitrary weight. We are taking level prime to 30 because we need 
to avoid working in small characteristics (p < 5) at all steps of the proof. 
Of course, another option is that new A.L.T. are proved that can be applied 
in situations other than the potentially diagonalizable or ordinary cases, such 
that they apply to the 5-th symmetric power of any potentially crystalline 
representation satisfying the above condition. 

To simplify matters even more, it is easy to see that by a few more ap- 
plications of "ramification swapping" one can reduce the application of the 
results in [K] to the case of potentially crystalline representations satisfying 
the above condition but with the further restriction e = 2. We do not give 
here the details of this extra swapping because it is hard to predict whether 
or not this extra improvement will turn out to be useful. 
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